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Abstract: In this paper, we consider the quantum version of the hamiltonian 
model describing friction introduced in |3j. This model consists of a particle 
which interacts with a bosonic reservoir representing a homogeneous medium 
through which the particle moves. We show that if the particle is confined, 
then the Hamiltonian admits a ground state if and only if a suitable infrared 
condition is satisfied. The latter is violated in the case of linear friction, 
but satisfied when the friction force is proportional to a higher power of the 
particle speed. 



1 Introduction 

In in we introduced a classical Hamiltonian model of a particle moving 
through a homogeneous dissipative medium at zero temperature in such a 
way that the particle experiences an effective linear friction force propor- 
tional to its velocity. The medium consists at each point in the space of 
a vibration field with which the particle exchanges energy and momentum. 
More precisely the Hamiltonian is given by 

^(9,P,0,7r) = ^ + V{q) + ]-f dx [ rf?/c^|Vy0(x,?/)p + |7r(x,t/)|^ 

+ dx dypi{x - q)p2{y)(f){x,y), (1.1) 

jRd Jr" 
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where V is an external potential, c represents the speed of the wave propaga- 
tion in the "membranes" and the functions pi and p2 determine the coupling 
between the particle and the field and are smooth radial functions with com- 
pact support. 

We studied the asymptotic behaviour of the particle motion for two cat- 
egories of potentials: linear ones (which means constant external force) and 
confining ones. We proved that under suitable assumptions (on the initial 
conditions), for c sufficiently large and, most importantly, n = 3, the par- 
ticle behaves asymptotically as if its motion was governed by the effective 
equation 

where the friction coefficient 7 is non negative and is explicit in terms of the 
parameters of the model: 

7:=^|p2(0)r [ [ dv\pmv)\'- (1.2) 

li V = —F ■ q, which means that we apply a constant external force F to 
the particle, then this particle reaches exponentially fast (with rate 7) an 
asymptotic velocity v{F) = ^ which is proportional to the applied force (at 
least for small forces). This is, in particular, at the origin of Ohm's law. 
On the other hand, if V is confining, the particle stops at one of the critical 
points of the potential, the convergence rate being still exponential (but with 
rate ^ as expected from the effective equation). 

In |[4j we mostly concentrated on linear friction. This is why the n = 3 
assumption was required. However, for other values of n(> 3), our model 
still describes friction. Indeed, the reaction force of the environment on a 
particle moving with velocity v takes the form — 7|t>|"~'^t> (at least for small 
V and where 7 is defined in (|1.2|) V One can therefore see that we have linear 
friction when n = 3, and otherwise a friction force which is proportional to 
some other power of the velocity of the particle. 

Such models, where a small system interacts with a large environment, 
are called open systems. The reason for studying those models is usually to 
have a Hamiltonian description of dissipative phenomena. There exist several 
mechanisms leading to dissipation. Among them, two important, and very 
different, mechanisms are radiation damping and friction (which can be linear 
or not). As far as radiation damping is concerned, there exist many models, 
which are more or less related to electromagnetism. One example is the 
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"classical Nelson model" 

i/„ei.(g,P,0,7r) = ^ + Viq) + l [ dx{\V^{x)\' + \7r{x)\'') 

+ / dxp{x — q)(f){x), 

which has been studied in [in] (except for the kinetic energy of the particle 
which was y^p^ + 1 instead of This model describes a particle interact- 
ing with a scalar radiation field, and exhibits radiation damping. Concerning 
friction, although there exist various Hamiltonian models in the literature, 
ours is the only one we are aware of that describes the friction produced by 
the motion of the particle through a homogeneous medium. In particular, 
the coupling between the medium and the particle is translationally invariant 
and hence non-linear in the particle variable. This means that no dipole ap- 
proximation is assumed and is essential for a correct treatment of a constant 
external force field. Despite the formal similarity between our model and 
the classical Nelson model, we want to stress once again that they describe 
physically totally different phenomena. This is refiected in mathematical 
differences that will become apparent below. 

Our goal in this paper is to begin the study of the quantum version of 
the model (ILljl . Since the speed of the wave propagation will not play any 
role in our paper, we take it equal to 1. The quantum Hamiltonian can then 
be written as follows 

H = (-A + l^) (g) 1 + a (g) j dxdkuj{x,k)a*{x,k)a{x,k) 

+ f dxdk ^'^''z3 iM®a*ix,k) + h.c., 
J ^/2u;{x, k) 

where a and a* are the usual annihilation and creation operators on the 
bosonic Fock space JF(L^(M'^+", c/x (i/c)), and uj{x,k) = \k\ is the bosons dis- 
persion relation. In this paper, we start with the study of confining poten- 
tials, which are less difficult. More precisely, we deal with the question of 
existence of a ground state, which is essential before studying questions such 
as scattering theory or return to equilibrium for example. If a Hamiltonian 
is bounded from below, we say that it admits a ground state if the infimum 
of its spectrum is an eigenvalue. We call ground state energy this infimum 
and ground state any corresponding eigenvector if it exists. We will prove 
that such a ground state exists provided the following infrared condition is 
satisfied: 

„ \p2ikW 
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This condition will be used to control the number of bosons which have low 
energy (soft bosons). Let us suppose that ^2(0) 7^ 0. Indeed, this is the only 
interesting case since the friction coefficient 7 vanishes together with P2(0) 
(see ()1.2jl ). Then, there exists a ground state if the infrared condition is 
satisfied (Theorem KlHjl . One can see that this condition is fulfilled when the 
friction is non-linear. On the other hand, for linear friction, there is gener- 
ically no ground state (Proposition 13. 4p . Thus, we have a class of models, 
depending on a parameter n, describing friction phenomena, linear or pro- 
portional to a power of the velocity of the particle, for which we are able to 
say wether they admit a ground state or not. 

As in the classical case, our model looks very similar to the Nelson model, 
and more generally to the Pauli-Fierz models (following the terminology of 
in]), in which a (small) quantum system interacts with a scalar bosonic field, 
although they lead to very different dissipative phenomena. We will recall 
some basic facts about Fock spaces and describe the quantum version of the 
model in Sect. [2l while, in Sect. O we state our main results. 

To prove the existence of a ground sate, we follw the standard strategy: 
we first prove the result for coupling to a massive field and then we let the 
mass tend to zero. We study the massive case in Sect. lU along the lines 
of we first constrain the model to a finite box (|x|<L) and then 

control the error terms as L goes to infinity. This has to be done with 
care since in the interaction term, the norm of pi{x — Q) as an operator on 
L^(R'^) does not decrease with x. In order to control this problem, we will 
need to use the exponential decay of the spectral projectors in the Q variable. 
Furthermore, a second difficulty that arises is the following. The cutoff in 
space is equivalent to discretizing the model in the momentum variable. It 
is therefore equivalent to study the "cutoff" Hamiltonians and Hamiltonians 
"discretized" in momentum. In the case of the models for radiation damping, 
those discrete Hamiltonians are quite easy to study. Indeed, the free discrete 
Hamiltonian has then purely discrete spectrum (the energy of the bosons 
can only take a discrete number of values), and, because the interaction is 
relatively bounded with respect to it, so has the full discrete Hamiltonian. 
Now, this will not be the case in our model because the energy of the bosons 
only depends on k and not on the discretized momentum which comes from 
the fact that the dispersion relation uj only depends on k. This is the main 
mathematical difference with the models for radiation damping. One then 
has to control the momentum of the bosons in the "x-direction". A careful 
study of the discrete Hamiltonians will therefore be needed (Sect. 14.11) . 

In Sect, ini we first prove Theorem 13.31 To do this, we adapt the proof 
of |13| to our model. In particular, we will need to control the momentum 
in "x" of the bosons. Moreover, we will also have to take into account that 
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the norm of pi(x — Q) as an operator on L^(M'^) does not depend on x and 
is therefore not square integrable with respect to this variable. Once again, 
this will require to use the exponential decay of the spectral projectors in the 
Q variable. Finally, we also prove Proposition 13.41 

We said that one of the main assumptions for the existence of a ground 
state in the massless case was the so-called infrared condition (see Sect. EI). 
In Sect, ini we will present some classical interpretation of this infrared con- 
dition. 

2 Description of the model 
2.1 Fock spaces 

In this section, we give a rather general (and brief) presentation of the dif- 
ferent objects we will use in this paper. It will in particular allow us to fix 
notations. The reader will find a more detailed description in e.g. IHl-pT^- 

Let f) be a complex Hilbert space, which is often called the 1— particle 
space. Given f^g in f), we denote by {f;g) their scalar product. It is chosen 
to be antilinear in the first variable and linear in the second variable. For 
m G N, we define the m— particle sector as the m-fold symmetric tensor 
product of 1) : ()m = with f)o = C. We then define the Fock space over 

f) to be the direct sum 

We will denote by f2 = (1,0,...) the vacuum vector and by a* and a the 
usual creation/annihilation operators on J^ihi) ([19j, Chapter X.7). 

In the case where 1) = L^(M^), we can rewrite those operators in the 
following way: 

a*{h)= [ dkh{k)a*{k), a{h) = [ dkh{k)a{k), 

where a*{k) and a{k) are the distributional creation and annihilation opera- 
tors. They satisfy the usual canonical commutation relations: 

[a{k),a*{k')] = 5{k-k'), [a{k),a{k')] = [a*{k),a*{k')] = Q. (2.1) 

Finally, given an operator 6 on f), we define: 

dr(6) : ^(f^) ^ ^(t)) 

m 

dr(6)|f,^ := y" j®- - j®\ ®h® t®- - j®\ (2.2) 

J=l j—X m—j 
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and 

r(6) : ^(f^) ^ ^([)), r(6)|f,^ := b®-y0b . (2.3) 

m 

The operator dr(6) is called the second quantization of the operator b. Note 
that when b is selfadjoint, we have the following relation 

An operator which plays an important role is the number operator := 

dm. 

2.2 Description of the model 

We can now introduce the quantum version of the model introduced in Sect. 
[H The dynamics of the particle is given by the Schrodinger operator Hp = 
—A + V on L^(M'^). Troughout this paper we will only consider confining 
potentials, so that Hp has a compact resolvent and purely discrete spectrum. 

The Hilbert space for the environment will be the bosonic Fock space over 
L"^ (R'^'^"' , dx dk) . In what follows, we will just write 

^:=^(L2(M'^+",dxc/fc)). (2.4) 

The Hamiltonian of the field is given by 

Hf := dr(c<;), (2.5) 

where u is the multiplication operator on L? {W^^'^\, dx dk) by the function 

u : (x. A;) G R"' X R" ^ uj{x, k) = \k\ G [0, +oo[. (2.6) 

The function u depends only on k, so we will write uj{k) for uj{x, k). It is well 
known that one can rewrite Hf using the creation and annihilation operators 
as follows: 

Hf = dx dkuj{k)a*{x, k)a{x, k). (2.7) 

We can now describe the full system. The Hilbert space is the tensor 
product of the particle space and of the environment one, namely: 

n := L^R"^) ^ J^, (2.8) 

and the free Hamiltonian {i.e. without interaction) is given by: 

Ho := Hp(g) 1+1^ Hf. (2.9) 
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The interaction term is given by 

Hi := I dxdk pi{x -Q)^^^=®a*{x,k) 
J ^J2uj{k) 

+pi(x - Q)^^== ® «(^' (2-10) 

where pi and p2 are two smooth functions with compact support and spherical 
symetry, and pi(x — Q) is the multiplication operator on L?'{W^) by the 
function pi{x — ■). 

Finally, the full Hamiltonian of the interacting system is therefore 

H:=Ho + Hi. (2.11) 



3 Main results 



3.1 Selfadjointness 

From now, we will suppose that n > 3. We first give the precise condition we 
impose on the potential V : 

(C) V e LL(ffi'^),lim|,|^oo V^(g) = +00. 

This hypothesis ensures that Hp is well defined and is selfadjoint on T>{Hp) = 
{i) e L^{R'^)\Hp'4j G L2(M^)} ([m, Theorem X.28). We also know that Hf 
is selfadjoint on its domain V{Hf) ([IHl, Chapter VIII.IO). One then easily 
proves that Hq is essentially selfadjoint on V{Hp) ® V{Hf) ([T^, Chapter 
VIII.IO). We now have the following result 

Proposition 3.1. Suppose that n > 3, and V satisfies condition (C). Then 
H is selfadjoint on T>{H) = V{Ho). Moreover, H is essentially selfadjoint 
on any core for Hq, and it is bonded from below. 

This is in the standard way a consequence of the Kato-Rellich theorem 
(|19|. Theorem X.12). The only ingredient needed is that Hj is infinitesimally 
i^o-bounded, which follows from the following lemma. 

Lemma 3.2. Under the hypothesis of Proposition [Ql for all \I' G V{Ho), 
we have: 

{i) II [ dxdk ^f^}= pi{x - Q) ® a{x,k)'^\\l^ 
J \/uj{k) 
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< 



dx dk\pi{x)\ 



2 lP2(fc)p - 



[II) 



dxdk ^a*(x,fc)^"^ 



H 



< 



dxdk\pi{x)\ 



+ 



uj{kY 

dx dk\pi{x)\ 



Uj{k) J 



I ^ Im- 



Remark 3.1. (i) Such kind of estimates are well known /I]/-/i^-/71]/ and are 

sometimes called Nr— estimates. 

(ii) The n > 3 hypothesis ensures that the integrals on the right-hand side 
of both inequalities converge. 

Proof of Lemma l3.2t We use the fact that 7i is isomorphic to L^(M°', dq, JF). 
We then have: 

dxdk-^^^t}=pi{x -Q)® a{x, 
Juj{k) 



dq\\ I dxdk ^!i^ pi(x - g)a(x, 



dq\\a{gg)^{q)\\ 



where gq is the function A;) 



see 



0): 



P2(fc) 



Pi{x — q). For all g G M'^, we have 



< 



< 



But 



dx dkgg(x, k)a{x, k)'^{q)\\'yr 

dxdk^-^^^^^^/^\\a{x,k)^ 
^/uJ{k) 

^gq{x, A;)p 



dx dk- 



uik) 



dx dkLu{k)\\a{x^ k)'^ 



dxdkuj{k)\\a{x,k)'^{q)f = {^{q); Hf^{q)) , 
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so, 



Finally, 



< 



< 



dxdk 



Uj{k) 



< 



dx dk\pi{x) 



uj{ky 



2-, 



dx dk-^^^^=Pi{x — Q) ® a(x, k)'^\ 
^:j{k) 

uj[kY 
dxdk\p,{x)\'''P^^^ 



dy\\H]'^^{y)\\ 
]l®ify')^||^. 



which proves {i). One proves {ii) in a similar way. 



□ 



3.2 Existence of a ground state 

Let Eq denote the ground state energy of H. It is well known that one of the 
main obstacles to the existence of a ground state, in those models where a 
particle interacts with a field, comes from the so-called infrared catastrophe 
which is due to the behaviour of uj{k) for small k and in particular to the fact 
that co'(O) = 0. We will then need the following condition on the coupling: 

m k^dk\^<+^. 

This is what we call the infrared condition. We prove the following theorem, 
which is the main result of our paper: 

Theorem 3.3. Suppose n > ?>, V satisfies hypothesis (C), and p2 satisfies 
(IR). Then H has a ground state. 

As we said in the introduction, this (IR) condition is satisfied when the 
friction is non-linear but not if it is linear. On the other way, in the case of 
the Nelson model, the same kind of condition is necessary and sufficient to 
have a ground state |IH1-|IZ|- It is then reasonable to think this is also true 
for our model. Indeed, we will prove that if the infrared condition is violated, 
then there is no ground state but provided the following additional condition 
is satisfied 

Pi(0)^0, 
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which means that the total charge of the particle does not vanish. More 
precisely, we prove the following result: 



Proposition 3.4. Suppose n > 3, V satisfies hypothesis (C), p2 does not 
satisfy (IR) and Pi(0) 7^ 0, then H has no ground state. 

To prove Theorem EHl we will need to study some "intermediate" models, 
and in particular to consider massive bosons and to "discretize" space. The 
term massive means that, instead of (jj{k), we will consider a function ujrn{k) 
satisfying 



Our proof will use different methods developed in the literature 0-1^1-0- 



Finally, we would like to emphasize that all the Hamiltonians we will deal 
with have the same structure as (12.1111 and so, a similar result to the one of 
Proposition 13.11 is available for each of them. 

4 Ground state for massive bosons 

Our goal in this section is to prove a first result similar to Theorem 13.31 but 
in the case of massive bosons ^Theorem 14. 7[ Sect. 14. 2^ . We use the same 
approach as in [H] and (H]. The idea is first to consider a finite box < L) 
and then to control the remaining part as L goes to infinity. We will see, 
in Sect. 14. 2| that the "cutoff" model so obtained can be written in the form 
p.ip . We therefore first study models of this latter type (Theorem 14. ip . 

4.1 Discrete models 
4.1.1 Description 

We consider Hamiltonians of te form 



(H^) < \im\k\^^ LJrn{k) = +00, 
y inf uJmik) = m > 0. 




m-m- 




(4.1) 
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on the space 

:= L2(R'^) ® T {1^{Z'^) ® L2(M")) , (4.2) 
and where the Pi{k) satisfy 



(Cp) I3i{k) = Q—p^= where Q is a multiplication operator on 
L^{M.'^) such that sup^ < +00 for all s > 0, 



ai{k) and a;*(fc) are the annihilation and creation operators on the space 
(/2(Z'^) ® L2(M")) , and for / = {h, ...,ld)& |/| := sup, \k\. 

We would like to stress that one can consider the Hamiltonians of the form 
1)4.1^ as models similar to ours, but with only a discrete set of "membranes" 
(situated at each / G Z'^) rather than a continuous one. 

Now, let Eq denote the ground state energy for H"^. We will prove the 
following: 

Theorem 4.1. aess{H'^) C \Eq + m,+oo\^. In particular, H'^ has a ground 
state (hi. 



4.1.2 Cutoff models 

In the following, M will be a non negative number. On l-C^, we define 

H\M) := H^+Y, I dk{(3i{k)®a;{k)+pi{k)(g)ai{k)) (4.3) 

\1\<M''^" 

We also define 

H'^{M) := Hp0l + l^J2 [ dkuj^{k)a^{k)ai{k) + W'^{M) (4.4) 

= H^{M) + W'^{M), 

as an operator on the space 

Hi, := L^R") ® {1\Am) ® L\R^)) , (4.5) 

where Am = {I ^ Z'^, K| < M}, so that 1^{Am) is a finite dimensional space. 
Let ^o(^) (resp. E^{M)) be the ground state energy for H'^(M) (resp. 
H'^{M)). Our goal is to get informations on H'^ from the ones we will have 
on H^{M) (taking the limit M — ^ +00). Thus, we first prove a result similar 
to Theorem mU but for H'^{M). 
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Proposition 4.2. aess{H'^{M)) C [E^{M) +m, +oo[. In particular, H'^{M) 
has a ground state (j)o{M). Moreover, E^{M) = E^{M). 

Lemma 4.3. aess{H'^{M)) C E^{M) + m, +00 . In particular, H'^{M) has 
a ground state 0o(^)- 



Proof of Lemma 14. 3t The set Am is finite. If its cardinal was one, we 
would have exactly the model studied in [H], and the lemma would corre- 
spond to their Theorem 4.1. Having finitely many elements does not change 
anything and the result can be proven the same way. □ 

Proof of Proposition 14. 2t The proposition follows immediately from the 
preceding lemma using an identification between and some subspace of 
TC^, [H]. Indeed, one can write 

f{Z'')c:,l\AM)®l\A''M), 

A\j denoting the complement of Am in Z*^, so one has 

r {l\'L'') ® L\mr)) ~ r (/'(Am) ® L\mr)) ® T {l\Al,) ® L\W)) . 
And finally 

rc^ c^nii®!' (/'(Am) ® L\W)) . 

One can then identify ?-^m with Tij^ ® VL\j where is the vacuum of 
J^{f{Alj) ® L2(M")) . We can rewrite as 

+00 +00 

= ®i [I'm ® L\w^))) = 0^^^'^- 

i=o i=o 

Actually, we have 

+00 

7^d^ = 7^(o) and {H\,)^ = ^n^^\ 

i=i 

One sees that the Ti^^^ are invariants for H'^{M). But, on 'H^^\ one has 
H'^{M) = H'^{M)®1 + 1®'^ [ dkuOm{k)al{k)ai{k) 

and on n^^\ 

H'^{M) = H'^{M) (g) 1. 
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Then, we have 

a (if^(M)|„dJ = a (^^(Af)) and a^ss (ff'^(M)|„dJ = a,,s (^^(M)) , 



and also 



which ends the proof. Moreover, one can remark that (j)o{M) = 0^(M) 
□ 



4.1.3 Removing the cutofF 

We first prove some convergence results as M goes to infinity. 
Proposition 4.4. H''{M) converges to H'^ in the strong resolvent sens. 
Proof : We have 

H'^ - H'^{M) =W'^ -W^iM) = J2 [ dkPi{k)®a*{k)+^i{k)®ai{k). 

Let ip G D{Hq). Using condition one has 

115^ / dk Pi{k) ai{k)^\\ < -^1^11^ / dkl(^ai{k)^\\ 

< _^li£L||(]i^Ard)|^|| < JM_\\fH^)h, 



Then, using the commutation relations p.ip . we have 

J2 [ dkf3i{k)(g)a*{k)^pf = [ dk pi{k) ^ ai{k)^/j\\'' 



m>M m>M' 



+ ij2f dk\m\' 

\\1\>M'^^" 

Finally, one gets 



\1\>M ■ 
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Using condition (C/3), one shows that the right hand side tends to zero as M 
goes to infinity. So, H^{M) converges strongly to H'^ and then also in the 



Proposition 4.5. Eq{M) is a decreasing function of M which tends to Eq. 

Proof : We know that, if 0o(^) is a ground state for H'^{M), then 0o(^) = 
0[j(M) ® Vtli, and so 



Let M' > M, 

E^{M') < (0^(M);i7d(M')0^(M)) 

< (0^(M); H^{M)4{M)) + (0^(M); {W^M') - W^{M))4{M)) . 



So the function Eq{M) decreases. With the same argument, one proves that 
E^{M) > E^. Then E^{M) converges to some Eoo > E^. But E^ e 
and H^{M) converges to H'^ in the strong resolvent sens, so (jl^. Theorem 
VIII.24), 

VM > 0,3E(M) G a{H'^{M))/E{M) E^. 

Using the fact that Eq{M) is the ground state energy of H'^{M), we finally 
get E^ = E^. a 

Proposition 4.6. Let A be an interval bounded from above. For all s > 0, 

there exists K{s, A) > such that 



strong resolvent sens ([HI, Theorem VIII. 25). 



□ 



V/ G A1j,VA; e M",a;(A;)0^(M) = 0. 



=£;d{M) 



=0 



XA{H')iW'-W'{M))xAiH')\\ < 



K{s,A) 



1 + 



Proof : 




Let 0, V G 7^^. We have 
1(0; Xa{H'^){W'^-W'^{I 
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< U X 



\>M 



J2 / dkPi{k)®ai{k))xA{H^ 



+ \m X IK 5^ [ dk Mk) ^ ai{k))xA{H^) 



- iTm^O''^ii m^N'')hAmi^\\ + \m x ii(]i®ivd)^XA(i/^ 

But A is bounded from above, 1 <S) N'^ < and is relatively Hq 

bounded, so (1 N'^)^xa{H'^) is a bounded operator. Finally, one has 

which ends the proof. □ 

Proof of Theorem I4.lt 

We use the method of Given an operator A, [A]_ will denote its 
negative part and Tr{A) its trace. To prove the theorem, it suffices to show 
that, for all e > 0, we have 

Tr{[/7^-^^-m + e]_} > -oo. 

Let e > 0, and A =] — oo, Eq + m — e[. Then 

[i/d _ _ ^ ^ _ xa{H''){H'' -E^-m + e)xA{H''), 

and so 

TviiH^-E^-m + e]^} = Tv {xAiH^){H^ - E^ - m + e)xA{H^)} 

= Tt{xa{H'^){H'^{M) - E^{M) -m + e 

+iyd _ lyd(^) _ ^ E^{M))xAiH'')}. 

But 

E^{M) ^ E^ and \\xa{H'^){W'^ - W'^{M))xa{H'^)\\ ^ 0, 
using Propositions 14.51 and 14. 6| so, for M large enough, we have 

Tr {[H'^ - E^ - m + e]-} 

> Tr {xAiH''){H''iM) - E^{M) - m + ^)xa[H^)] 

> Tr {xa{H'^)[H'^{M) - E^{M) - m + '^]_xa{H'^)} 

> Tv {[H'^{M) - E^{M) - m + f]_} > -oo 

where in the last step we used Proposition 14.21 □ 
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4.2 Continuous models 

In this section, we are interested in the model introduced in Sect. 12 .21 hut for 
massive bosons, i.e. the function u^k) is replaced by ujmik) satisfying (H^). 
We then consider, on Ti, the following Hamiltonian: 

Hm '■= -f/p ® 1 + 1 ® / dx dkujm{k)a*{x, k)a{x^ k) 

+ f dx f dk pi{x — Q) ^ ^a*{x,k) 

+pi{x-Q)^£^^a{x,k) (4.6) 

^y2uJrn{k) 

We denote by Em the ground state energy of Hm- The main result of this 
section is the 

Theorem 4.7. aess{Hm) C [Em + m,+oo[. In particular, Hm has a ground 
state (j)m- 

The strategy of the proof is very similar to the one of the previous section. 
However, one has to be more careful with the estimates when removing the 
cutoff because the norm of pi{x — Q) as an operator on E^iW^) does not 
decrease with x, even worse, it does not depend on it. To control this problem, 
we will use the exponential decay of the spectral projectors in the Q variable, 
which will be obtained via the Agmon method (see Sect. I4.2.2|) 

4.2.1 CutofF models 

Let i be a smooth function with compact support on R*^ such that 

< j{x) < 1, j{x) = 1 for |x| < 1/2, and j(x) = for |x| > 3/4. 
For all L > 0, we define jiix) = j(|;) and jiix) = 1 — jiix). We then define 

Hm{L) := Hl+ I dx I dkpi{x-Q)jL{x)^^^=®a*{x,k) 
Jr'' Jr" ^J2ujm{k) 

+Pi(x - Q)3l{x)^M= ® a(x, k) (4.7) 
A/2cJm(/c) 

= El^Wm{L) 
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on 7i. Using the definition of ji, one can, in Wm{L)^ replace J^ddx by 
I\-L Lid dx. Finally, we define 



on L2(R'^) ® {L^{[~L,LY)0L'^{W)) . We denote by Em{L) and E^{L) 



the ground state energies of those two operators respectively. 

We have "cut" the Hamiltonian Hm in the x variable. We are now in 
a finite volume box. If we consider the variable p, conjugate to x, this is 
equivalent to "discretizing" the problem. One has to note that here the 
variable p is discrete: p & Z'^. If 



denote the Fourier coefficients of a*(x, k), a(x, k) and pi(x — Q)jL{x) respec- 
tively, the problem can now be written as follows 



which has the form (jUIJ. If the Pp satisfy {Cp), we will then have the 
following result: 

Proposition 4.8, VL > 0,aess{Hm{L)) C [Em{L) + m,+oo[. 

Finally, a splitting of ^^(R'^) into L^{[-L,LY) © L'^(R'^\[-L, L^) together 
with the argument of the previous section will lead to the 

Proposition 4.9. aess{,H„i{L)) C [Ern{L) +m, +oo[. In particular, Hm{L) 
has a ground state (pmiL). 

So, it remains to check that the Pp satisfy the condition (C/3). The function 
Jl is zero for > L and pi has compact support (in a ball of radius so 





and 




HmiL) = Hp0 1 + 1®^ dkujmik)a*p{k)ap{k) 




y\q\ > L + Ri,\/xe R'^, pi{x-q)iL{x) = 0. 
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Then, for all p in Z"', jSp is a multiplication operator by a compactly sup- 
ported function. Moreover, the function pi(x — q)jL{x) is C°°, so its Fourier 
coefficients decay faster than any power of p. Those two facts ensure us that 
suppSupg < Cn{L) < +00 and so condition [Cp] is satisfied. To 

prove Theorem 14. 7| it remains to control the limit L +00. 



4.2.2 Exponential bounds 

Proposition 4.10. Let A be a bounded from above interval. For any a > 0, 
there exists M{a, A) > such that 

- \\ie-\Q\0l)xA{HUm<M{a,A). 

- ||(e°l«l®]l)xA(i/™)|| <M(a,A). 

- ||(e"IQI ® ]l)xA(i^)|| < M{a,A). 

This bound is uniform in L and m. The proof is exactly the same as the one 
of Theorem II. 1 of [H]. The only difference is that aess{Hp) = 0, which makes 
things easier and in particular one does not need any condition on a or on 
the supremum of the interval A. 
For any i? > 0, we now define 

N{\x\<R):= / dx dka*{x,k)a{x,k), (4.9) 

J\x\<R Jm" 

and 

N{\x\>R):= / dx dka*{x,k)a{x,k). (4.10) 

J\x\>R JK" 

iV(|a;| < R) is the number of bosons inside the ball centered at the origin 
and of radius R (in the x variable), and iV(|a;| > R) is the number of bosons 
outside this ball. We will prove that the number of these "far away" bosons 
decays exponentially fast with R. More precisely, we have the following esti- 
mate: 

Proposition 4.11. For any a > 0, there exists C{a) > such that 

{<f)ULy, l(»N{\x\> R)(j)m{L)) < C(a)e-"^ (4.11) 

uniformly in L. 

The idea is to adapt the proof of [1]. What is new in our model is that 
we need an explicit control on the number of "far away" bosons in the x 
direction, even for massive bosons. Fot that purpose, we use the following 
lemma which comes from the well known pullthrough formula (see e.g. |13|): 
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Lemma 4.12. \\t®a{x,k)<P^{L)\\ < i ||pi(x-g)ji(x)^M=®]10„(L) ||. 

Proof of Proposition 14. 1 ll : Let a > 0, 

(0„(L);]l®iV(|a;| >i?)0^(L)) 

dx / dk\\l® a{x,k)(f)m{L)\\'^ 

\x\>R Jr" 

< [ dx [ dk^—\\p,{x-Q)jL{x)-^^=®l<PUL)r 

J\x\>R Jr" ^nXk) V^LU^k) 

< [ dx f dk\^^\\p,{x-Q)jL{x)e-^\'^%^^,)^\\e^\Q\® 
J\x\>R V 2w4(A;) ^ > 

The function p2 is a Schwartz function and Um is bounded from below 
by m > 0, so the integral with respect to the k variable converges. Now we 
recall that the function pi has compact support in the ball of radius so, 
for any given x G M'^, we have 

||pi(x-g)e-"l«l||B(^2) = sup|pi(x-g)e-°l'?l| 

= sup |pi(x-g)e-"l''l| < ||pi|Ue"^ie-"l"l. 

\q—x\<Ri 

Thus 

[ dx ||pi(x - Q)e""l«l 111(^2) < IIPillLe^"^' / rfxe-=^"l^l < ir(a)e-°^. 

J\x\>R J\x\>R 

And so, finally, 

(0„(L);]l®iV(|a;| >i?)0„(L)) <ir'(a)e-"^||e"l«l®a</)„(L)f. 

But, for any L, we have Em{L) < where is the ground state energy 
of Hp. Indeed, if ipp is the ground state of Hp, we have 



Em{L) < « ® n; Hm{L) ®n) = El. 



Take now A =] — oo^E^], one can then write (f)m{L) = XA{Hm{L))(f)rn{L), 
and so 

||e°l«l®]l</)„(L)f < \\e'^\Q\(»lxA{HM)f\\ML)\\ 
< M(a,A)2, 

which ends the proof □ 
We finally give an estimate similar to the one of Proposition I4.6I 
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Proposition 4.13. Let A and a he as in Proposition \4.1C[ then there exists 
K{a, A) such that 



\Xa{HJ{W^ - WUL))xa{HJ\\ < K{a, A)e 



-aL 



Proof : We follow the scheme of the proof of Proposition l4. lOl using estimates 
similar to the ones of the previous proposition. Let 0, G 7i, 

< K(e2"IQI®Il)xA(i/j0;( / dx [ rfA;e-2"l«lpi(x-g)Ji(x) 



(g)a(x, A;) ]xA{H^)i))\ 



+ |((e^°l'^l®]l)x. 



XHjij;( [ dx f rffce-2"l«lpi(a;-Q)ji( 



X P'^^^ ^a{x,k))xA{Hmm. 



We consider only the first term, the other one being similar. 



|((e2"l«l®]l)xA(i^j0;( / dx f dke-'"\'^\p,ix-Q)jLix) 



® a{x,k))xA{Hm)ilj)\ 



< II (e 



2a\Q\ 



t)XA{Hm)cf>\\ X \\i [ dx f dA;e-2°IQIpi(x-Q)j4x) 



^2uJm{k) 



k))xA{H„ 



< M(2a,A 



dx / dk\\e-"'^'^^pi{x-Q)jLix)- 



h{k) 



X / dx i dk\\l® a{x,k)xA{Hra)ilj\\^ 
< C(a,A)e-"^||0|| X \\{l®N)hAiH, 



The result then follows as in the discrete case. 



□ 
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4.2.3 Removing the cutofF 

Proposition 4.14. Hm{L) converges to Hm in the strong resolvent sens. 

Proof : As for Proposition 14.41 it suffices to show that Hm{L) converges 
strongly to Hm- Let ip G D{H'^ 



m/1 

2 



q\>^-Rl 



dq 



2 



dx I dk pi{x - q)jL{x)—^^==a*{x,k) 

/2uJm[k) 



dq dx dkpi{x - q)jL{x)^^===a{x,k)]i){q) 



2 



'2ujm{,k) 

With similar computations as the ones of Proposition I4.4L we get 

\\Hm^-Hm{L)nli<C [ ^;g||iV^(g)||^+||^(g)||^. 

But N^ip{q) and ip{q) belong to L^(]R'^, JF), so the right-hand side tends to 
zero as L goes to infinity. □ 



Proposition 4.15. Em{L) converges to Em as L goes to infimty. 
Proof : Remember that 4>m{L) is a ground state of Hm{L). We have 

Em < {(j)m{L); Hm(f)m{L)) 

< EmiL) + {(l)miLy,iWm-Wm{L))(j)m{L)) 

< EmiL) + 2ne{{(j)miLy, [ dx f dk pr{x - Q)] l{x) 

J\x\>^ Jr" 



X 11'^^] ®a{x,k)ML))) 

^^2uJm[k) 



< E™(L) + 27^e((e"l^l (g) ]1(/)„(L); f dx f rffce-°'^'pi(s - Q) 

J\x\>^ JR" 

xJl(x) ®a(x,/c)0^(L))). 
^J2ujm[k) 

Then, the same computation as in Proposition 14. 131 leads to 

Em < Em{L) + K{a)e-'^{(Pm{L);l0Ni\x\>^)(PmiL)) 
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< Em{L) + C{a)e-''''. 
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So, the function Em{L) is bounded from below (and from above by Ep). 
Then there exists a sequence L„ and E^o such that 

hm Ejn{Ln) = Eoo > Ejn- 

n— >+oo 

Now, Hm{Ln) converges to Hm in the strong resolvent sens and Em G a{Hm), 
so, for all n, there exists E{Ln) G a{Hm{Ln)) such that 

lim E{Ln) = Em- 

n^+oo 

But E{Ln) is bigger than Em{Ln) for all n, so finally Em = E^o- The function 
Em{L) is then bounded with only one accumulating point Em, which proves 
that the function converges to this point. □ 

Proof of Theorem 14.71 : The proof is identical to the one of Theorem 14. II 

Remark 4.1. Another way to prove our results concerning the massive case 
would be to use the ideas of f^-^lf)^. The idea is to prove that Em is not in 
the essential spectrum using the Weyl criterion. For that purpose, one proves 
that, given a normed sequence ipj tending weakly to zero, 

liminf(V^,-; {Hm - Em)^j) > 0. (4.12) 

The philosophy is that, ifipj tends weakly to zero, it must "escape to infinity" 
in some way. In our model, if it escapes in the particle part, with the number 
of bosons or with their momentum in the y direction (that is when k tends to 
infinity), then the energy grows necessarily and \4.12^ is certainly satisfied. 
Now, if it escapes with far away bosons, either in "space" (that is in the xory 
direction) or in "momentum in the x direction", the idea is that those bosons 
do not interact with the particle and so each of them has an energy at least 
m. A Weyl sequence can then exist only for E > Em + m. A precise writing of 
such a proof would imply a control on the momentum of the bosons in the x 
direction, which is the new element of our model. In our proof, such a control 
already exists but appears in a hidden way in Proposition |^.6t Finally, we 
would like to emphasize that writing a proof using this other method would 
not be much shorter. 

5 Proof of the main results 

The goal of this section is to prove the results of Sect. [HI We start with 
Theorem 13.31 We adapt the method of (TH]. We will insist on the differences 
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with this paper. The idea is to approach (in a way which has to be made 
precise) H with Hamiltonians for which we know that they have a ground 
state and then to obtain the same result for H. More precisely, we will use 
the following lemma: 

Lemma 5.1. (J^, Lemma 4-9) Let H, Hn{n G N) be self adjoint operators on 
a Hubert space H. We suppose that 

(i) Vn G N, Hn has a ground state ipn with ground state energy En, 

(ii) Hn tends to H in the strong resolvent sens, 
(Hi) lim„^+oo-E„ = E, 

(iv) w- lim„^+oo = 7^ 0. 

Then ip is a ground state of H with ground state energy E. 
5.1 Infrared cutoff 

We denote by Xcr<<^(fc) the caracteristic function of the set {k G M"|cr < u^k)}. 
For any cr > 0, we then define 

H" := Ho+ dx dk pi{x - Q)—^===Xa<u,{k){k) ® a*{x,k) 
Jw Jr" ^J2uj{k) 

+pi{x - Q)* -^^=Xa<wik){k) ® a{x, k) 

= Ho + Hj,^, (5.1) 

where Hq is the free Hamiltonian defined in ()2.9|) . We want to use Lemma 
15.11 with H and H"" where cr„ is some sequence going to zero. 
We consider a function 0Ja{k) satisfying 

Vu^ G L°°(M"), 
oJaik) = uj{k) si uj{k) > a, 
in{u„{k) > f > 0, 

and we define 

H" = Hp®t + l®dT{u,)+Hi,„. (5.2) 
Then we have the following result: 

Proposition 5.2. For any a > 0, if^ has a ground state ipa- We denote by 
Efj its ground state energy. 
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To prove this result we use the following lemma: 

Lemma 5.3. (fT^- Lemma 3.2) H'^ has a ground state if and only if H'^ 
has one. 

Proof of Proposition 15.21 : According to the previous lemma, it suffices 
to show that H'^ has a ground state. But H'^ is a Hamiltonian of the form 
studied in Sect. 14. 2| so, according to Theorem 14. 7[ it has a ground state. □ 



Proposition 5.4. tends to H in the norm resolvent sens. 

Proof : We use Lemma A. 2 of [IH] which says that it suffices to show that Q" 
converges to Q in the topology of T>{Q), where Q" and Q are the quadratic 
forms associated to H" and H. But, with a similar computation to the one 
of Lemma one has 



VJRrf JLu{k)<a 2uj'^{k) 

x{Q{u,u)\\v\\ + Q{v,v)\\u\\). 

Corollary 5.5. limo-^o-^'o- = Eq- 

Remark 5.1. As in the massive case, one has < for all a > 0. 

Using Propositions 15.21 and 15.41 together with Corollary 15. 5[ one can see 
that the operators H'^ and H satisfy assumptions (i) — {ii) — {iii) of Lemma 
15.11 So, it remains to check condition (iv) and Theorem 13.31 will be proven. 

5.2 Uniform estimates 

Lemma 5.6. There exists Ci > such that for all a > 0, 

This inequality comes from the fact that Hj „ is relatively Hq bounded 
with infinitesimal bound, uniformly with respect to a > 0. Of course, we need 
an estimate on the number of soft bosons, estimate which uses the infrared 
condition (IR). 

Lemma 5.7. There exists C2 > such that for all a > 0, 
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Proof : As in Lemma 14.121 one can show that 



p ® a{x, k)iP4 < ^||pi(a; - Q)^^^=Xu>[k)>a{k) ® (5.3) 
^l^J \/2ujm[k) 

Thus, 



{ilJa-.t® N^)^) = dx dk\\l(S) a{x,k)ilj4^ 
Jr''- Jr" 

< [ dx [ dk^Mx-Q)^^^m\'^ 

< [ dq [ dx [ dk^-^^\p,ix-q)mMq)r^ 



□ 



We have obtained a control on the total number of bosons. However, we 
will also need some control (uniform with respect to a) on the number of 
"far away bosons", that is on the following quantities: {ipajN^xl > R)ip(j), 
{^IJa,N{\y\ > S)^^) and {^IJa;N{\p\ > P)^„) where 

N{\x\>R)= I dx I dka*{x,k)a{x,k)^ 

J\x\>R Jr" 



N{\y\>S)= I dx I dya*{x,y)a{x,y), 

\y\>s 



N{\p\>P)= / dp / dka*{p,k)d{p,k). 
J\p\>P Jr" 

The operators d and d* come from a and a* via a partial Fourier transform 
in the k variable, and the operators d and d* via a partial Fourier transform 
in the x variable. We then prove a result similar to Proposition 14. Ill 

Lemma 5.8. For any a > 0, there exists C{a) > such that 

11 ® N{\x\ > R)^,) < C(a)e-"^. 

The proof of this lemma is exactly the same to the one of Proposition 
14.111 This lemma gives us a control on the number of "far away" bosons 
in the x direction. Similarly one can control the number of bosons whose 
momentum in the x direction is large: 
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Lemma 5.9. For any s > 0, there exists C(s) > such that 

C{s) 



1 + P'' 



Proof : Using and a computation similar to the one of Proposition 

I4.1H one gets 

(^.;l®iV(H>P)^.)< ( [dk^-^^] x( [ dpMp)\' 



2uj{kY 



p\>p 



and the result follows . □ 



Finally, to control N{\y\ > S), we use the following result noting that 

2r 



dV{l -Fs{y))<N{\y\ > ^ 



Lemma 5.10. Let F e C^{W') such that 

0<F{y)<l, F{y) = l for |y| < 1/2, and F(y) = for |y| > 1. 
Let Fs{y) = F{f). Then 

lim {^P^; - Fsiy))^P.) = 0. 

Proof : There is a similar result in (THj (Lemma 4.5), and we essentially follow 
its proof. The main difference is that the norm of pi{x — Q) as an operator 
on L^(R'^) does not depend on x and is therefore not square integrable with 
respect to this variable. As in Sect. 14.2.21 to control this problem, we will use 
the exponential decay of the spectral projectors in the Q variable (Proposition 
I4.in|l . First, one easily sees that 

/\D I 
dxdka*{x,k){l- F{^-^))a{x,k). (5.4) 

We recall that for any a one has 

a(x, k)i;. = {E^ ~H'^~ "^ ^x.<.(,)(fc)V^.. 

^J2u}{k) 

Then one can prove ([IH], Prop 4.4) that 

hm a{x, k)^/j^ - [Eq - H - iu{k)) , ^ ^ = 

<^^o ^y2ul{k) 
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in L'^{R'^~^"',dxdk;T-C). Using this together with ()5.4p . we then have 

= Jdxdk {{Eo -H- u{k))-'Bi(E_gm^^; 

(1 - F(^))(Eo -H- + 0(^0) 

X 11(1 - F(^))(Eo - - + o(0 

X 11(1 - F(^))(Eo - - ^(fe))'^ '^^^"'^''^^'^ IU^(M^^";B(^)) 
x||e"l'3IV;<,||7^ + o((tO). 

We check that (Eq- H -u(k)y'^^^^^^^^f:^2}h(^ belongs to L2(R'^+"; i3(7^)), 

y/2u){k) 

using the fact that \\{Eq — H — uj{k))~^\\ < uj{k)~^ and condition (IR). Thus 

sH^oo II (^"^(^^^(^O-^-'^^^)) ^fM^ II = 0. 

Moreover ||e"l*^IV'CT||-^ is uniformly bounded (w.r.t a), which can be proven as 
for ||e°I^IV'm(^)||H (see Sect. SSI), and the result follows. □ 



5.3 Proof of Theorem 1331 

We have seen that the only thing we had to check was condition {iv) of 
Lemma Em The unit ball of 7i is weakly compact, so there exists a sequence 
o"„ and ip E H such that ip^^ converges weakly to ip. It then suffices to 
prove that ip ^ 0. The idea is to find a compact operator K such that for 
any n large enough one has such an estimate: 

\\Ki;^J>S>0. (5.5) 

This will ensure that is non zero. Indeed, K is compact, so Kipa„ tends 
strongly to Kip. If ip was zero then would go to zero, which enters 

in contradiction with ()5.5|) . 

Let us then take F e C^{W) and G G C^(M'^) satisfying the conditions 
of Lemma [5.101 Remembering that p is the variable conjugate to x, i.e. 
p = —iVx on L^(M'^+", d/c), one has the following inequalities: 

(1 - V{Fs{y))f < (1 - T{Fs{y))) < dr(l - Fs{y)\ (5.6) 
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(1 - T{Gn{x))r < (1 - r{Gn{x))) < dr(l - Gr{x)) < N{\x\ > |), (5.7) 

(1 - T{Gp{pW < (1 - nOpip))) < dr(l - Gp{p)) < N{\p\ > (5.8) 

Finally, let ^ ^o) be a function with support in {|s| < Sq} and equal to 
1 in {\s\ < y}. For any non negative 9, P, R and S, we define 

K{e, P, R, S) := xiN < e)xiHo < e)r(F5(y))r(GK(a;))r(Gp(p)). (5.9) 

The assumptions on F, G, x and u ensure that K{9, P, R, S) is compact for 
any 9,P,R and S. 

Using Lemmas 15.61 and I5.7L there exists Oq > such that, for all n, one 
has: 

11(1 - xiN < 9))^^ J < ^, 11(1 - xiHo < 9))^^ J < ^. (5.10) 

Likewise, using Lemmas l5.8l and l5^ together with inequalities ()5.7|1 and ()5.8p . 

there exist Rq, Pq > such that, for all n, one has: 

Ul-T{Gn{xm.J < ^,||(l-r(Gp(p)))^.J| < ^. (5.11) 

Finally, using Lemma 1^.101 and ()5.6|1 . there exist 5*0 > and uq such that, 
for all n> uq, one has: 

\\{l-nFs{ym.J<^. (5.12) 

Then, for any n> uq : 

\M < Wil - xiN < 9o))^.J + MN < 9o){l - xiHo < 9o))^P.J 
+ \\X{N < 9o)x{Ho < eo)(l -r(Gp„(a^)))^.JI 
+ ||x(iV < 9o)xiHo < 9o)T{GR,Xx))il - r(Gp„(p)))^.J| 
+ ilx(iV < 9o)xiHo < 9o)TiGp,{x))riGp,{p)){l - r{FsM))^^J 
+ \\K{9o,Po,R^,So)^.J 

< ^+\\Ki9o,Po,Ro,So)i'aJ. 

But Wi'anW = 1 for all n, thus 

\\K{9o,Po,Ro,So)iJ.J > i 

for any n > uq, which is an estimate of the form ()5.5|) . □ 
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5.4 Proof of Proposition l3~il 



The idea of the proof is adapted from [10]. Once again, one of the main tools 
is the pullthrough formula, which comes from the commutator between H 
and annihilation operators 

[H, 1 ® a(x, k)] = -uj{k)l a{x, k) - pi{x - Q)-^^^t}= ® 1. (5.13) 

V'2uj{k) 

In order to get our result we will need to use this formula taking into ac- 
count the membranes alltogether, which, on a formal level, means that we 
will integrate the previous formula over the "x-space". It is therefore more 
convenient to look at the Hamiltonian not in the (x, k) variables but in the 
{p, k) variables, where p is the variable conjugate to x via Fourier transform, 
and then consider the value p = 0. In such variables, the pullthrough formula 
just becomes 

[H, t ® d{p, k)] = ~uj{k)l ® d{p, k) - pi(p)e-*P^-^£L ® 1 (5.14) 

'2uj{k) 



Suppose now that \l/ G 7i satisfies = Eq"^, where Eq is the ground 
state energy of H. We will show that \1/ = 0. We apply equation ()5.14|] on 
such a vector. One then gets the following equality 

a ® dip, k)^ = -{H + uj{k) - Eo)-' I /^i(P)^"''''^/^2(A:) ^ ]i j ^_ 



2iu{k) 

We denote with an exponent (m) the component of a vector in the m-particle 
sector. We have, for any m, 

(11 ® d{p, k) *)(™)(Pl, ■■■,Pm, fcm) = k,pi, ki, ...,Pm, k^J 



and the righthand side is square integrable with respect to all its arguments 
because \l/ e Therefore, for all m, 

-{H + u{k) - ^o)-^^i^^^g^ ® 11 ^ 

is square integrable with respect to (p, k). On the other hand, it is a continu- 
ous function on R'^ x (R" - {0}). Then, for any po E M^, ^('"Hpo, k) is a well 
defined function of k and it is square integrable. As we have said previously, 
we consider the value po = 0. But 

$(-)(0,A;) = M2lM^vl/M, 
^ V2u{k)l 
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which is not square integrable if the infrared condition is violated, unless 
/3i(0)\l/^'"^ = 0. By assumption, pi(0) 7^ 0, so = for all m which means 
that ^' = 0. □ 



6 A classical interpretation of the infrared prob- 
lem 

In this section, we would like to say a few words about the infrared problem. 
We know that this condition is necessary and sufficient for the existence of 
a ground state in the case of the Nelson model, and sufficient and "almost" 
necessary in our model. 

On the other side, in [2], the author shows that if we consider another ad 
hoc representation of the canonical commutation relations the Nelson model 
without infrared condition has a ground state. In some sens, this repre- 
sentation regularizes the infrared singularity and is of course not unitarily 
equivalent to the Fock one. One could think that the same approach should 
work in our case. However, it turns out that this is not true. To explain why, 
we will briefly explain the physical origin of this representation. It will allow 
us to see that this procedure can apply to our model but does not have the 
same regularising effect. 

We would like to explain the idea which is behind this change of rep- 
resentation coming back to classical mechanics |H]. It will then allow us to 
show the difference between the Nelson model and ours. We thus consider a 
classical Hamiltonian of the form 

2 J A 

where uj{a) is some almost everywhere non negative function. We will simply 
write X instead of (0, vr). The Hamiltonian flow can be written as 

Xt = $tXo = cos(co't)Xo — sm{ujt)JXo, where J = 

One can see that = —1. 

Now, for any s G M, we deflne 

V{uj') := {(f) G e L^}, 

and [P(c<j'^)] its closure for the norm H^Hs = ||ct;'^0||i2. Given s,r G M, we 
deflne 
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The operator J is well defined on T-is,r (as a bounded operator) if and only 
if r = s — 1. On the other side, the symplectic form 

a{Xi,X2)= I (i/i(a)(0i(a)7r2(a) - 02(«)vri(a)) 

J A 

is meaningfuU only on spaces of the form Tis-s- So J and a are both well 
defined only on 

On 7Y, we consider the following complex structure ( ; ) defined as 

(Xi;X2) = JX2) +za(Xi,X2). 

One can then identify Ti, and L^(y4, d/i, C) via the following isometry: 

(0, 'n)el-L^ ^uo{a)(p{a) + ^ 7r(a) G L^{A, djj, C). 
and if we define 

a{a) := —= i \/uj{aj(f){a) H 7r(a) j G (i/i, C), 

one can rewrite H as 

H = Lu{a)a*{a)a{a)d^{a). 

J A 

The Poisson bracket associated to a is {0(a), 7r(a;)} = 5^(a; — a'), where 5^ 
is defined by 

/ f{a')S^{a - a')d^{a') = f{a). 
J A 

It is easy to see that {a{a) , a* {a')} = —i6^{a — a'). Those relations are the 
classical equivalent of the relations 1^2.1^ . To write the quantum version of 
this model, one then consider the Fock space over L'^{A,dfi,C). 

Consider now the Nelson model, i.e. A = M'^ and dfi{a) = dk. If we 
consider a particle which interacts with this field and which is on the other 
hand submitted to a confining potential V such that minV^ = V^(0), the 
equilibrium point of the system which correpsonds to the minimum of the 
energy can be written as (g,,, tt^,) = (0,-^,0,0) and (0,,,7r^,) is in H 

if and only if G L^(M'^), which is exactly the condition (IR). One should 
remind that, for this model, this condition is necessary and sufficient to have 
a ground state. In other words, the minimum (g*, 0*, p*, tt^,) of the classical 
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Hamiltonian belongs to Ti. if and only if (IR) is satisfied. In this way, one can 
say that the condition to have a ground state is the same on both classical 
and quantum level. 

The representation considered in [2] corresponds, on the classical level, to 
the affine space "7Y = 'H + {^, 0)", more precisely, one considers the following 
symplectic transformation: 

~, , P ~ 

q = q,<p = (p + ^,p = p,^ = TT. 

Here, (f) represents the difference between the field and its equilibrium po- 
sition. We already note that ^ Til if and only if (IR) is not satisfied. 
One then sees that the two equilibrium points, before (0* = 0) and after 
(0* — having turned on the interaction with the particle, are not in the 
same space. This is this phenomenon which, on the quantum level, expresses 
that the ground state exists but in another representation, non-equivalent 
to the Fock one. One sometimes reads that the "ground state is not in the 
Fock space" (within the context of "Van Hove Hamiltonians" for example 

m-m-m)- 

In those new variables, the Hamiltonian of the whole system then writes 

^t^v(^.j\m?fi^l\mi, ,6,) 

2 J uj"^ J luj'^ 

=W(q) bounded =constant 

If we want to study the system near the new equilibriun, one then has to chose 
the phase space such that = belongs to it. It is then natural to study H 
not on Ji but on H,. In other words, to make sure that the equilibrium point 
for the interacting system is in the phase space, one has to consider another 
space. If one does so, condition (IR) is then satisfied even for = 3: 

ijji 

Then, if one quantizes if, one obtains a model in which a ground state 
exists. This is precisely what Aral does in j2], but without explaining it this 
way. However, the same transformation in our model does not make things 
"better." Indeed, condition (IR) becomes, after the same transform: 
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which is still not satisfied if n = 3 unless P2(0) = 0. 
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